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We report simulations of glassy arrest in hard-core particles with
short-range interparticle attraction. Previous experiments, theory,
and simulations suggest that in this kind of system, two qualita-
tively distinct kinds of glasses exist, dominated respectively by
repulsion and attraction. It is thought that in the former, particles
are trapped ““topologically,” by nearest-neighbor cages, whereas
in the latter, nonergodicity is due to interparticle “bonds.” Subse-
quent experiments and simulations have suggested that bond
breaking destabilizes attractive glasses, but the long-term fate of
these arrested states remains unknown. By running simulations to
times a few orders of magnitude longer than those reached by
previous experiments or simulations, we show that arrest in an
attractive glass is, in the long run, also topological. Nevertheless,
it is still possible to distinguish between “nonbonded” and
“bonded” repulsive glassy states. We study the melting of bonded
repulsive glasses into a hitherto unknown ““dense gel” state, which
is distinct from dense, ergodic fluids. We propose a “‘modified state
diagram” for concentrated attractive particles, and discuss the
relevance of our results in the light of recent rheological measure-
ments in colloid-polymer mixtures.

colloids | glass transition | nonergodicity

nderstanding glassy arrest is one of the “grand challenges”
facing 21st century condensed-matter science. In this en-
deavor, the study of well-characterized “model” systems,
whether by simulations or experiments, plays a unique role.
Although such systems are often quite far removed from real-
world materials applications, their study can generate clear-cut
data against which theories can be tested directly. A paradig-
matic example of such synergism is provided by the investigation
of glass transitions in systems of repulsive particles with short-
range interparticle attraction at high particle concentrations
(Fig. 1). Mode-coupling theory (MCT) predicts that in such a
system, two qualitatively distinct arrested states should exist
(1-4): a repulsion-dominated glass in which nonergodicity is due
to the topological trapping of particles by each other in “cages,”
and an attraction-dominated glass in which particles are trapped
by nearest-neighbor “bonds.” These predictions were subse-
quently confirmed by experiments using well-characterized
model colloids in which a short-range interparticle attraction was
induced by nonadsorbing polymer via the “depletion” effect (5,
6). Simulations similarly verified this picture (7-10). The large
measure of agreement between results obtained from the three
methodologies is striking. MCT can, for example, account
semiquantitatively for the experimental glass transition bound-
aries in colloid—polymer mixtures (11) and predict aspects of the
functional form of density—density correlation functions mea-
sured in dynamic light-scattering measurements (12).
Nevertheless, significant qualitative disagreements were evi-
dent from the beginning, especially in the long-time behavior of
attractive glasses. A key quantity is the intermediate scattering
function, f(q,t), which measures the decay with time (¢) of density
fluctuations at length scale ~2/q (where ¢ is the magnitude of
the scattering vector). The MCT glass transition involves an
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abrupt change of the nonergodicity parameter f(g,>) from zero
to some (g-dependent) finite value, f;. MCT predicts that upon
moving from repulsive to attractive glass across the glass—glass
transition line (Fig. 1), there should be a step increase in the
value of f; (3), reflecting the higher degree of confinement in
interparticle bonds than in a topological cage. The decay of f(q,t)
to a constant, finite value at long times has long been seen in
simulated hard spheres (HS) and experimental measurements in
HS-like colloids, with MCT well predicting the value of the
nonergodicity parameter as a function of both g and particle
concentration (13, 14). However, first results from experiments
(5, 6) on attractive glasses did not show such “decay to a plateau”
in f(q.t). Rather, the typical attractive glass f(g,) first decays to
a high value consistent with nonergodicity parameter predictions
by MCT, where it shows a point of inflection, and then continues
to decay noticeably (but by no means completely) within the
experimental time window.

More extensive experiments (12) as well as simulations (15)
subsequently confirmed this picture, with the latter showing
convincingly that this is not an artifact due to aging. Authors of
the simulation work proposed that such decay was due to
bond-breaking processes, but suggested that studying the long-
term fate of attractive glasses was perhaps “beyond computa-
tional efforts” (16). Here, we perform simulations over more
than eight orders of magnitudes in time, some three orders
longer than in previous work, and show that arrest in an
attractive glass is, in the long run, also attributable to trapping
by topological cages. Nevertheless, it still appears possible to
distinguish between the states hitherto known as repulsive and
attractive glasses, which we propose to rename “nonbonded” and
“bonded’ repulsive glasses, respectively.

Another unresolved issue in the study of arrest in “sticky-
particle” systems is how attractive glasses relate to gels (1, 11,
17-19). Traditionally, the term “gel” is used in materials science
to refer to a system that behaves like a soft solid (i.e., has a finite
shear modulus in the low frequency limit) that nevertheless
contains a very large amount (say, much more than 50%) of
liquid. It is well known that colloids with strong enough inter-
particle attraction can form gels (reviewed in ref. 20), with
particle volume fraction (¢) as low as ~1072. It is by now well
established that in systems of spherical particles with isotropic
short-range attraction at ¢ < 0.4, gelation is often the result of
arrested spinodal decomposition (21). (The evidence is reviewed
in ref. 17.) But the status of the arrested states in attractive
particle systems at higher particle concentrations (¢ = 0.4), and
whether these states are distinguishable from the attractive
glasses predicted by MCT, remains unclear.

Our simulations show that the “bonded repulsive glass” melts
into a previously undescribed state as the packing fraction is
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Fig. 1. Currently accepted state diagram of hard spheres with short-range
square-well attraction (depth up normalized to the thermal energy, kg7) at
high volume fraction (¢), showing three distinct states: ergodic fluid (EF),
repulsive glass (RG) and attractive glass (AG). The distinction between RG and
AG ends at the so-called Az point. The boundaries shown have been previously
determined (24) for the same system of ‘’sticky bidisperse hard spheres” as
investigated in this work (see Materials and Methods for details).

lowered. We argue that this state can appropriately be named a
“dense gel,” and that there is indeed an in-principle well-defined
distinction between what until now were known as attractive
glasses and these gels.

Taken together, our results give rise to a “state diagram” for
dense systems of hard particles with short-range attraction,
consisting of four distinct states: nonbonded and bonded-
repulsive glasses, dense gels, and ergodic liquid. Recent rheo-
logical experiments (22, 23) support this picture, but there is no
theory to date that can account for the existence and properties
of all four states.

Results

We studied a binary mixture of 700 hard spheres with a short
range (3% X particle diameter) attraction via event-driven
molecular dynamics (MD) simulations (see Materials and Meth-
ods for details). The behavior of this system is controlled by the
depth of the square-well attraction, u, relative to the thermal
energy, kg7, and the particle volume fraction, ¢. The state
diagram of this system in the (¢, uo/ksT) plane has been
established previously by both MCT calculations and simulations
(24) (Fig. 1). We calculated the time-dependent single-particle
mean squared displacement (MSD), (Ar2(¢)), over eight or more
decades of time, 1072 < ¢ <10° (with time in MD units, see
Materials and Methods), which is three orders of magnitude
greater than the longest times reached in previous simulations or
colloidal experiments. All data in the nonergodic region corre-
spond to a waiting time #, = 107, providing waiting-time-
independent data up to ¢ ~ 10°. Our results for three sequences
of samples through state space, Fig. 2, are shown in Figs. 3-5.

Consider first the sequence of samples 0 to 5, Fig. 3. Sample
0is a hard-sphere glass at ¢ = 0.635, where particles “cage” each
other topologically. After free motion at the shortest times
accessed (r = 2 X 1072), the MSD turns over and saturates to a
plateau, (Ar?) ~ 4 X 1073 (in units of the squared particle
diameter), at later times, = 1071, and stays at this value to the
longest times accessed in our simulations.

After more or less free motion at the shortest times, particles
in sample 1 are trapped briefly at an MSD of (Ar?) ~ 6 X 1074
Soon, however, the MSD starts to increase again, until it
saturates at the HS plateau of sample 0.

The significantly slower dynamics in sample 2 led to noisier
data at the longest times. We show five separate realizations of
the MSD (whereas data previously shown for samples 0 and 1
were averaged over the same number of realizations). The noise
at long times is clear, but the same trend as sample 1 is also
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Fig.2. Samplessimulated in this work (labeled points) superimposed on the
state diagram previously determined (24) for our system of sticky bidisperse
hard spheres (continuous lines; axes as in Fig. 1). Our simulations show that
four distinct states exist: ergodic fluid (EF), nonbonded repulsive glass (NRG),
bonded repulsive glass (BRG), and dense gel (DG). The “metastable continu-
ation” of the boundary between EF and NRG is shown (dashed) and terminates
at an end point (open circle).

evident. Particles are briefly delayed at (Ar?) ~ 4 X 10~*, and
their subsequent subdiffusive average motion appears bounded
by the HS cage value of (Ar?) ~ 4 X 1073,

There is little qualitative difference between the MSD of
sample 3 and samples 1 and 2 at short and medium times. At¢ =
103, however, a qualitative difference does emerge. The MSD for
sample 3 does not saturate, but increases subdiffusively (i.e.,
(Ar?(7)) = t* with 0 < @ < 1) to the longest times studied. This
long-time subdiffusive motion becomes faster (i.e., larger «) as
¢ is further lowered (samples 4 and 5).

Turning to samples 6-8 (Fig. 4), we see that they are ergodic
fluids. The MSD of sample 6 shows a point of inflection and
incipient plateau at (Ar?) ~ 2 X 1072, between short-time ballistic
and long-time diffusive behavior. Increasing ¢ but keeping u
constant, we observe that the point of inflection moves to longer
times, and the width of the incipient plateau increases. Never-
theless, all three samples retain diffusive behavior at long times.

Discussion

The results shown in Figs. 3 and 4 up to ¢ = 10 are consistent
with findings from previous simulations of the same system (15,

ol vl vl il il
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Fig.3. Calculated mean-squared displacement (MSD), (Ar?), of samples 0-5
(Fig. 2) normalized by the squared diameter of the larger particles versus time,
t(kgT)"2, where the temperature factor normalizes the contributions of dif-
ferent thermal velocities. In all cases except sample 2, the results have been
averaged over at least 5 independent runs, whereas 5 independent runs are
shown for sample 2. Sample 1 is a bonded repulsive glass, with the MSD
saturating at the (squared) cage size. Sample 2 is a bonded repulsive glass; its
MSD shows a transient plateau due to interparticle bonds before saturating at
the squared cage size. Samples 3-5 are dense gels; their MSDs again show a
transient plateau due to interparticle bonds but then do not saturate again
thereafter. The dashed line has unit slope.
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Fig.4. Calculated mean squared displacement (MSD) of samples 6-8 (Fig. 2),
which are ergodic fluids. Axes as in Fig. 3. The dashed line has unit slope.

16, 24). Within the state diagram established by previous work
(Fig. 1) sample 0 should be a repulsive glass and samples 1-5
should be attractive glasses, whereas sample 6-8 should be
ergodic fluids. Extending the simulations by three orders of
magnitude does not change our understanding of samples 0 and
6-8. The data obtained from the extra decades of time do,
however, significantly alter our understanding of samples 1-5.

Bonded Repulsive Glass. Within the framework established by
previous work (1-3, 5-10), samples 1 and 2 would be classified
as attractive glasses. Their MSDs initially saturate at (Ar?) ~ 5 X
104, which is the same order as the square of the width of the
interparticle attraction (0.03%), i.e., particles spend significant
time trapped by nearest-neighbor attractive bonds.

However, as found previously, this “bond trapping” is not
permanent. After displaying a transient plateau, the MSD
continues to increase, and eventually saturates again at the HS
value found for sample 0 (Fig. 3). This saturation is particularly
clear in sample 1.

We interpret these findings as follows. At ¢ < 107!, each
particle is indeed trapped by bonds with a particular set of
neighbors. These bonds start to break beyond this time scale (15,
16) while bonds reform with a different set of neighbors. After
multiple breaking and reforming of such bonds, each particle
finds itself still trapped topologically by its cage of neighbors.

Direct evidence for this interpretation comes from cage- and
bond-correlation functions, ®(¢) and ®p(7), Fig. 6 (see Materials
and Methods for details). The decay of ®(7) [Pp(f)] from unity
signifies the replacement of topological (bonded) neighbors at
time 0. Over the nearly nine decades we studied, there is little
decay of ®(¢) for samples 0, 1, or 2, staying above 0.9 in all cases.
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Fig. 5. Calculated MSD of samples 4, a, b, ¢, d, and 7 (Fig. 2). Axes are as in
Fig. 3. Samples ¢, d, and 7 are ergodic fluids; these MSDs did not show
waiting-time dependence. Samples 4, a, and b are dense gels; these MSDs were
found to show aging. The straight line has unit slope.
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Fig.6. Cage (solid lines) and bond (dashed lines) correlations functions, ®c(t)
and dg(t), plotted against time for samples 0 (nonbonded repulsive glass), 1,
2 (bonded repulsive glasses), and 5 (dense gel).

However, in samples 1 and 2, where there are attractive bonds,
their ®p(7) show significant decay in the same time window (to
~().2 and ~0.6 respectively). The “glassiness” of these samples
on the time scale we have studied is therefore not, ultimately, due
to interparticle attraction; instead, like sample 0, topological
caging dominates at long times. The nomenclature of “attractive
glass,” therefore, appears inappropriate.

But samples 1 and 2 are qualitatively distinguishable from
sample 0: Their MSDs show distinct, transient plateaus at the
length scale of interparticle bonds, a feature absent in repulsive
glasses, such as our sample 0. We therefore propose the name
“bonded repulsive glasses” (BRG) for the region of state space
in which samples 1 and 2 are situated.

In this light, those states previously known as repulsive glasses
(including our sample 0) should then be called “nonbonded
repulsive glasses” (NRG): Here, the “topological plateau” in the
MSD is reached in a single step, without going via an interme-
diate (transient) plateau due to bonding.

Dense Gel. Within the framework established by previous work
(1-3, 5-10), samples 3-5 should also be attractive glasses.
Indeed, up to the time scale of previous simulations (1 = 103),
their behavior is qualitatively indistinguishable from samples 1
and 2: Their MSDs all show transient plateaus at (Ar?) = 4 X
1074, evidencing the effect of interparticle bonds, and then
subdiffusive motion at longer times due to bond breaking (15,
16). However, our simulations up to ¢ = 10° support a different
conclusion. The long-time-limit saturation at the interparticle
cage seen in samples 1 and 2 is absent from samples 3-5. Instead,
apparently unbounded (but subdiffusive) behavior is seen at long
times.

Note that these samples are distinguishable from the ergodic
fluid state. To reach this state starting from samples 3-5 (Fig. 4)
we have to lower the interparticle attraction. We have done this
for a sequence of samples (a,b,c,d) with ¢ = 0.59 and u,
intermediate between sample 4 (uo/T = 5) and sample 7 (uo/T =
1.67) (Fig. 5). As uq is lowered (samples 4, a, b), the subdiffusive
exponent « for the long-time motion increases, until the long-
time motion becomes diffusive (a« = 1) in samples ¢, d, and 7.
Moreover, we observe that samples 4, a, and b show aging, while
no waiting time dependence is observed for samples ¢, d, and 7.
Thus, the latter three samples are clearly ergodic fluids. How-
ever, samples 4, a, b (together with 3 and 5) are neither ergodic
fluids nor BRG. We propose to call samples 3, 4, 5, a, and b
“dense gels” (DG), to distinguish them from BRG on the one
hand and more dilute gels due to arrested spinodal decompo-
sition (17) on the other. The latter distinction is supported by the
observation that the structure factors (or, equivalently, real-
space pair correlation functions) of these samples did not change
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during aging (see ref. 16). Moreover, their structure factors do
not show any increase at small wave vectors, as occurs in
phase-separating systems (21, 25).

Once again, our interpretation is supported by calculated
cage- and bond-correlation functions. Results for sample 5 are
shown in Fig. 6. We see that there is significant bond as well as
cage breaking, revealed as decay in both ®(¢) and ®g(¢) over our
simulation window. Not unexpectedly, bond breaking proceeds
at a faster rate than cage breaking. Indeed, the decay in ®(¢) is
far from complete over our time window. This suggests that as
each particle moves, it “carries along” with it a remnant of its
initial geometric cage, presumably because of the existence of
interparticle attraction. In other words, over the time window
simulated, each diffusing particle carries with it “memory” of its
bonded neighbors. Memory is known to lead to subdiffusive
behavior (26-29).

Transition Boundaries. Our simulations have found four distinct
states in a system of attractive hard spheres at high concentra-
tions: NRG, BRG, DG, and ergodic fluids. The length of the
simulation runs needed to determine dynamical properties,
especially of BRG samples, has limited the number of state
points we were able to investigate. Future work studying many
more samples will be needed to locate precisely the boundaries
between these states. Nevertheless, previous simulations to-
gether with the result presented above already give important
clues to the positions of various transition boundaries. In par-
ticular, although MCT only predicts three states in this system
(ergodic fluid, repulsive, and attractive glasses) and its predic-
tion of permanent trapping by bonds is untenable (ref. 24 and
this work), it appears that the boundaries between the three
different MCT states for our system (Fig. 1) still mark the
transition between some of the states we have found.

First, MCT predicts that there is a discontinuous transition
between repulsive glass and attractive glass at high ¢. Previous
simulations (24) have already revealed that such a transition
occurred only if a repulsive barrier was added to the interparticle
potential to prevent bond breaking. Without this barrier, the
system dynamics evolved continuously and bond trapping is not
permanent. Nevertheless, the MCT transition [suitably scaled
(30)] between repulsive and attractive glasses (occurring at 7' =
0.4 at ¢ = 0.635) was found to coincide with the point at which
a transient plateau due to bonding first emerged in reciprocal
space—density correlators (see the bottom panel of figure 2 in
ref. 24). The real-space equivalent of this finding is that the MCT
repulsive—attractive glass boundary is also where a transient
plateau first emerges in real-space MSDs, i.e., the boundary
between what we have called NRG and BRG.

Second, at lower ¢, MCT predicts a discontinuous transition
between ergodic fluid and attractive glass. There have been few
previous studies of this transition (but see ref. 31). Our results
for samples 4, a, b, c, d, and 7 (Figs. 2 and 5), show that the
boundary predicted by MCT must be very close to the boundary
between our DG and ergodic fluid.* Again, however, whereas
MCT predicts a discontinuous transition, our simulations (Fig. 5)
show that the change from ergodic fluid to DG is continuous.

Third, MCT is able to predict the boundary at which attraction
melts the repulsive glass into an ergodic fluid (30). Our work
does not change this conclusion, except that the repulsive glass
has become our NRG.

The fourth and final issue is the boundary between BRG and
DG. There is good qualitative reason to expect a clear transition
between these two states, because the underlying physics is the
same as that of the melting of NRG to ergodic fluid: If

*The correspondence is not exact, because our sample b lies just below the position of the
MCT line, but is a DG according to our simulations.
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interparticle attraction is able to create enough “free volume” by
clustering some of the particles, then permanent caging no
longer obtains. Thus, one may surmise that the boundary
between BRG and DG should be the extrapolation of the
boundary between NRG and ergodic fluid. Visual inspection of
Fig. 2 shows that this is indeed plausible.

If that is the case, then one could surmise that the metastable
continuation of the MCT boundary between the repulsive glass
and ergodic fluid may be related to the BRG-DG boundary.
Such continuation can in fact be done by solving the MCT
long-time-limit equations for the nonergodicity parameter (32)
inside what previously is known as the attractive glass region,
starting the iterative scheme from a repulsive glass solution (1).
We have done this calculation (dashed line, Fig. 2). As found
previously (1, 33), there is only a very small range of uo/kgT over
which this “metastable continuation” exists: It terminates rather
abruptly at an end point (open circle, Fig. 2)." De novo theo-
retical developments are necessary to predict this boundary

properly.

Relation to Experiments. Direct experimental tests of what we
propose here will probably come from particle tracking in the
kind of well-characterized colloid—polymer mixtures that have
been used before to study glassy states in sticky-particle systems
(5). Such experiments will be challenging, because of both the
long times involved and the high precisions needed. Recent
advances in data analysis (34) mean that tracking to the precision
needed (better than the range of the interparticle attraction)
should now be possible. Successful measurement of MSDs to
long time also requires the ability to remove rather precisely
large-scale coherent motions due to stage drift and other extra-
neous sources; this is now also possible (35). These advances
together should enable direct tests of our proposals. On the other
hand, indirect experimental corroboration of our findings al-
ready exists in the form of recent rheological studies of model
colloids (22, 23). Under oscillatory strain of increasing ampli-
tudes, a nonbonded repulsive glass (simply “repulsive glass” in
refs. 22 and 23) was found to yield in one step, at a strain
amplitude consistent with the size of the nearest-neighbor cage.
On the other hand, a bonded repulsive glass (“attractive glass”
in refs. 22 and 23) was found to yield in two steps. Nonlinearity
was observed to set in first at a strain amplitude corresponding
to the range of nearest-neighbor bonds, but complete yielding
was not observed until a strain amplitude sufficient to break
cages was reached. This is consistent with our interpretation of
the MSD of samples 1 and 2 (Fig. 3) and their respective cage and
bond correlation functions (Fig. 6). Significantly, an attractive
glass at lower volume fraction, corresponding to the dense gel in
this work, was found to yield in a single step, corresponding to
the breaking of nearest-neighbor bonds. Again, this is consistent
with our interpretation of the lack of caging after bond breaking
in dense gels (samples 3, 4, 5, a, and b).

Summary and Conclusions

A schematic way to summarize and make sense of our findings
at the high-¢ end of the state diagram (Fig. 2) is as follows.
Increasing uo/kgT from zero, we encounter a boundary that runs
essentially from left to right, which separates states in which the
MSD shows no sign of time and length scales set by the
interparticle attraction, from states in which the MSD does show

A possible way to extend this line, beyond the end point, would be to continue solving the
MCT equations, again starting the iterative scheme from a repulsive glass solution, even
if we then find either an ergodic or an attractive solution. This procedure, however, has
doubtful theoretical validity. Nevertheless, for completeness, we record that carrying out
this calculation for our system produces a line that continues beyond the end point shown
in Fig. 2 and passes approximately halfway between samples 3 and 4, whereas our
simulations suggest that the BRG-DG boundary is probably between samples 2 and 3.

Zaccarelli and Poon
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the influence of this attraction. On the other hand, decreasing ¢
(essentially from random close packing), we encounter a bound-
ary that runs from bottom to top, which separates states in which
the particle concentration is high enough to cage each other
geometrically from states in which such caging no longer exists.
The actual boundaries are neither strictly horizontal nor strictly
vertical, reflecting the influence of density on attraction and vice
versa. Nevertheless, this schematic picture captures the essential
physics uncovered by our simulations, and shows why four
qualitatively distinct regimes of behavior may be expected:
bonded repulsive glass (attraction and cages both important),
nonbonded repulsive glass (cages alone are important), dense gel
(attraction alone is important), and ergodic fluid.

Indirect experimental evidence for the findings of our simu-
lations comes from recent rheological studies (22, 23), showing
a two-step yielding of BRG under oscillatory strain of increasing
amplitude. Direct confirmation awaits high-precision measure-
ments of MSD in, e.g., colloid—polymer mixtures, to long times.
To date, no theory offers a quantitative account of the long-time
behavior of the BRG and DG states revealed by our simulations,
which involves “hopping processes” in the form of bond breaking
(36). Finally, we mention that at time scales still longer than
those probed here, hopping between cages may destroy even the
NRG and BRG.

Materials and Methods

Simulations. We perform event-driven MD simulations for a binary mixture of
particles (species A and B) interacting via a narrow square-well (SW) potential.
This system was extensively studied previously by means of theory (MCT) and
simulations (9, 24). The combination of both tools allowed us to determine,
within the limits of certain well-defined approximations, the location of the
ideal glass lines for this particular system (24).

The parameters of the mixture are chosen to avoid crystallization in the
system. Thus, we consider a 50:50 mixture of 700 particles of mass m with
diameters oaa = 1.2 and ogg = 1; the hard-core diameter for the AB interaction
is oag = (oaa+ose)/2. We fix the width of the attractive well as Aj/(ay; + Aj) =
3%. Temperature is measured in units of the well depth ug, whereas time units
are ags(mlug)'’2. Within the ergodic region, configurations are directly equil-
ibrated for the desired density and temperature. For dense gels, the system is
at first equilibrated at the same density but a higher temperature and then
quenched to the target temperature. For glassy state points, independent
configurations were generated in the reentrant, ergodic region (specifically at
¢ = 0.612 and kgT/ug = 0.6) and rapidly compressed, in small steps, to the
desired packing fraction. Then, an instantaneous quench was performed to
the final temperature (15). The time of the quench is defined as the starting
time. We checked for crystallization by computing structure factors and
detected none.

Simulations are performed in the NVT ensemble, with a thermostat with a
very short characteristic time keeping the temperature constant during the
whole run. For ergodic state points, the thermostat is removed after the
system has reached equilibrium and data are collected in the NVE ensemble.

When simulating state points within the glass region, i.e., in an out-of-
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equilibrium state, the properties of the system (e.g., correlation functions)
depend not only the time of observation t but also on the time elapsed from
the initial quench to the studied state point, the so-called waiting time t,,. For
t << ty, correlation functions for different t, are found to collapse on the same
curve—a phenomenon connected to the equilibration of the degrees of
freedom faster than t,, (37). In this way, ty-independent data can be gener-
ated. Therefore, in previous studies, the system was monitored only within a
very short time window, limited to 400 MD units in ref. 15 and up to one more
order of magnitude in ref. 16.

To investigate the long-time limit of the attractive glass, we have moni-
tored the evolution of the system for a total time well above 107 units in all
studied cases. This allows us to show a t,-independent window of up to 108
MD units. Therefore, we have been able to extend our previous investigations
by more than three orders of magnitude. The longest runs (e.g., sample 2) took
up to 6 months on a 3-GHz Xeon processor. To average over different initial
configurations, we considered for each state point at least five independent runs.

Data Analysis. The data analysis is performed in a standard way for ergodic
state points (i.e., averaging independent configurations over time after equil-
ibration), whereas the dependence on the waiting time is monitored for
nonergodicstate points. In particular, we have chosen to focus on the case t,, =
1 X 107 MD units. This ensures that our results are independent of the choice
of t,, for the subsequent 106 MD units. Data were averaged over the five
independent configurations. To reduce numerical noise for the MSD, we have
also averaged over time in a limited time window around t,.
Cage and bond correlations functions, ®c(t) and dg(t), are calculated as

Dep(t) = 2 nlgt,)nlst +1,) ) /[Nep(t)],

where nZ‘B(t) is 1if particles i and j are, respectively, found within the cage or
bond distance, and 0 otherwise. Ncg(t) is the total number of neighbors within
the cage or bond distance at time t. The bond distance is defined unambig-
uously as the total range of the potential oj; + Aj, whereas the cage distance
depends on ¢, and it is defined as the length at which the MSD, calculated for
the corresponding hard-sphere mixture at the same packing fraction, displays
an inflection point.

MCT Calculations. The static structure factor to be used as input for MCT
equations was determined by solving the Ornstein-Zernike equation for our
SW binary mixture numerically. The MCT long-time-limit equations were
solved iteratively by using a grid of 500 wave vectors with mesh 0.5. To
determine the extension of the repulsive glass line inside the attractive glass
region, we followed ref. 1 and used a repulsive solution for the nonergodicity
parameters as initial guess for the calculations.
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