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In recent years, colloidal particles have emerged as useful mod-
els that give access to phases and states with no counterpart in 
atomic and molecular systems1–3. In addition they have allowed 

the establishment of new mechanisms to control phase behaviour4–6 
and to deepen our understanding of the glass and jamming transi-
tion7–9. A crucial parameter controlling colloidal behaviour is par-
ticle softness, which can be quantified by the ratio between elastic 
and thermal energy10. Hence, particle internal elasticity is the key 
ingredient to distinguish hard particles like sterically stabilized 
polymethylmethacrylate colloids from soft and ultrasoft ones such 
as microgels, emulsions or star polymers, to name a few. Several 
experimental works9,11–13 have reported that softness controls the 
dependence of the structural relaxation time τα on temperature 
T or on packing fraction ζ—the so-called fragility14. A system is 
called fragile when the τα dependence is described by a Vogel–
Fulcher–Tammann law15, meaning that its variation is large over 
small changes of T or ζ; in contrast, strong systems are character-
ized by an Arrhenius behaviour, implying a mild variation of τα on 
varying the control parameter. Although the pioneering study of 
Mattsson and colleagues9 proposed a link between elasticity and 
fragility, there is still no consensus on this issue. A recent work 
based on a simple theoretical model has confirmed that such a link 
exists16, but this picture was later challenged by experiments on col-
loids of different softness17. To gain microscopic knowledge on this 
matter we usually resort to simulations of simple repulsive models, 
such as systems interacting with the Hertzian potential18, which is 
found to describe the behaviour of microgel particles at moderate 
packing fractions19,20, but is expected to fail in denser conditions 
where soft colloids tend to shrink, deform or even interpenetrate21. 
Early works have indicated that, for such simple pair potentials, the 
change of dynamic properties with softness, such as the change in 
fragility, is modest22 or absent23. In these approaches, softness is 
tuned by modifying a given parameter, for example the strength 
of the repulsion, allowing particles to overlap to a certain extent, 
but without taking into account their deformability as well as other 
important aspects in realistic soft particles, namely deswelling24–27, 
interpenetration21 and faceting28. There is thus a strong need to 

go one step forward in the modelling of soft colloids to tackle this 
problem and to provide a microscopic picture of these systems at 
high densities.

To try to reconcile experimental and numerical results, in this 
work we investigate a new model of elastic polymer rings (EPRs) 
that explicitly shrink and deform. Inspired by recent experiments 
on ultrasoft microgels with tunable internal elasticity29,30, we add 
a Hertzian potential of repulsive strength U (equation (3)) in the 
centre of mass of the polymer rings (Fig. 1a). This term allows  
the rings to retain a circular shape at low ζ but also provides an  
energetic cost associated with particle deformation. We perform 
two-dimensional (2D) extensive numerical simulations of poly-
disperse rings on varying U for a wide range of ζ up to very dense 
states, where faceting effects become important (Supplementary 
Fig. 1 and Supplementary Video 1). More details on the model are 
provided in the Methods.

We report in Fig. 1b the self-intermediate scattering functions 
Fs(q*, t) for wavenumber q*, which corresponds to the maximum 
of the static structure factor, for different packing fractions ζ and 
a fixed value of the amplitude of the Hertzian potential U = 1,000. 
The associated relaxation time τα, shown in Fig. 1c, at first increases, 
indicating a slowing down of the dynamics up to ζ = ζR ≈ 0.9. Above 
this packing fraction the system becomes faster as a result of melt-
ing upon compression, for all studied U values. Such a reentrant 
behaviour has already been observed for Hertzian spheres31 and in 
simulations of single-chain nanoparticles32, and it is confirmed here 
for 2D Hertzian disks (HZDs), as reported in the Supplementary 
Information. Although reentrant melting occurs both in EPRs and 
HZDs, its mechanism is very different in the two cases: HZDs do 
this by overlapping, while EPRs through particle deformation, 
which is accompanied by the accumulation of internal stresses. This 
difference is encoded in the shape of Fs(q*, t), which is described by 
the shape parameter β defined in equation (4): the decay of Fs(q*, t) 
always has a stretched exponential form (β < 1) for HZDs, as  
also shown in Supplementary Fig. 2, while for EPRs it becomes  
faster than exponential (β > 1) for ζ ζ≳ R, as shown in Fig. 1d.  
This signals the onset of a compressed exponential relaxation 
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of the density autocorrelation functions, found for all studied U 
(Supplementary Fig. 3), with β values strongly dependent on soft-
ness and on ζ.

The compressed exponential decay of Fs(q*, t) for ζ ζ≳ R is 
accompanied by a super-diffusive behaviour of the mean-squared 
displacement (MSD), that is ~ γr t t( )2  with γ > 1, as shown in 
Fig. 2a. This holds in an intermediate time window of about two 
decades, while, at long times, the MSD always becomes diffusive 
again. Similar results are found for all studied values of U with  
the exponent γ depending on ζ and U (Supplementary Fig. 4), in 
analogy with the shape parameter β.

To grasp the microscopic origin of the observed compressed/
super-diffusive behaviour and the associated exponents, we analyse 
the system in terms of dynamic heterogeneities. We thus monitor 
the dynamics of fast particles at high ζ in a time window Δt of the 
order of τα (see Methods). We find that the MSD of fast particles, 
averaged over several time windows, displays a super-diffusive 
behaviour such as the total one, albeit with a significantly higher 
exponent. We separately analyse different time windows and find 
that, for a large number of them (see Methods), the MSD of the 
fastest particles obeys a purely ballistic dynamics, that is 〈r2(t)〉~ t2 
in the considered time interval (Fig. 2b). At long times, they still 
recover diffusive behaviour.

Further insights can be gained by looking at Fs(q*, t) for the  
same selected fastest particles, as shown in Fig. 2c, which displays  
a compressed exponential decay with exponent β = 2 in the same 
time window. We also carried out a similar analysis for different 
values of ζ and U and found that these features are preserved but 
the number of fastest particles showing ballistic behaviour varies; 
in particular, it increases with ζ and U. This allows us to explain 
the observed anomalous dynamics in terms of a superposition of 

different particle populations, including groups of ballistic particles 
whose size depends on softness and packing fraction, reflecting the 
increase of exponents β and γ with U and ζ.

Interestingly, at long times, Fs(q*, t) becomes negative (Fig. 2c) 
before eventually decaying to zero. This intriguing behaviour has 
also been observed in active particles33,34 and is the signature of a 
persistent motion of particles in a preferential direction. Indeed, it 
can be shown35 for non-interacting ballistic particles moving with 
velocity v in the same direction that Fs(q, t) ~ J0(qvt), that is, a Bessel 
function of zeroth order.

The compressed exponential relaxation is still an important open 
question in colloidal systems and glass-formers36–39. Previous works 
on colloidal gels have linked the presence of such a feature to the 
accumulation of local stresses, which are then released into the sys-
tem, triggering the faster-than-exponential dynamics36,40–42. Recent 
simulations have investigated this process by artificially altering the 
network dynamics43 to observe stress propagation into the system. 
However, no evidence has been provided so far of compressed expo-
nential relaxation in a microscopic model undergoing spontaneous 
relaxation (in equilibrium), such as the present one.

By taking into account particle deformation in our model we are 
now able to quantify the local stress and to connect it to the onset 
of the compressed exponential behaviour. To this aim we define the 
asphericity parameter a (see Methods) that describes the deviation 
of the ring shape from a circular one (larger values of a correspond 
to more deformed particles). The distributions of particle aspheric-
ity P(a) (Supplementary Fig. 5) indicate that, with increasing ζ, a 
larger and larger fraction of particles undergo strong deformation.  
A direct link exists between particle deformation and intra-ring  
stress, as discussed in the Supplementary Information (Supple-
mentary Fig. 6). To quantify the effect of deformations at high ζ, we 
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Fig. 1 | Model system and dynamic properties as a function of packing fraction. a, Snapshot of a portion of EPRs with U = 1,000 and ζ = 0.463 and 
illustration of the model. Representative snapshots at different ζ values are reported in Supplementary Fig. 1. b, Self-intermediate scattering function 
Fs(q*, t) for EPRs with U = 1,000. Symbols are simulation data and solid lines are fits using equation (4). c,d, Relaxation time τα (c) and shape parameter  
β (d) extracted from the fits to Fs(q*, t) for rings with different U. In d, the grey area highlights the compressed exponential region.
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calculate the effective packing fraction ϕ occupied by the rings (see 
Methods), as shown in Fig. 3a. We find that ϕ coincides with the 
nominal packing fraction ζ for ζ ζ≲ R, while it becomes significantly 
smaller than ζ for denser states. Softer particles show earlier devia-
tions from the linear ϕ − ζ relation than stiffer particles, as observed 
in experiments for ionic microgels44. Finally, for very large ζ, a 
strong bending of ϕ is detected, resulting even in a non-monotonic 
behaviour for the softest rings. These findings clearly indicate that 
our simple model is able to capture another of the main ingredients 
of realistic soft particles, that is, deswelling at high concentrations 
(due to shape deformation).

We now examine the variation of P(a) with softness in Fig. 3b; 
while one may have expected to find stronger deformations in softer 
rings, this turns out not to be the case. Indeed, stiffer rings are found 
to display a longer tail for large a values. This is counteracted by the 
fact that, for a wide range of intermediate a values, P(a) is larger 
for softer rings (for example, U = 100). Thus, soft EPRs prefer to 
undergo a large spread of moderate deformations avoiding too high 
a values, while stiffer ones tend to accumulate strong deforma-
tions within a small fraction of rings (for example, U = 500). When 
U increases even further, intermediate deformations also grow 
(for example, U = 1,000). To understand the correlation between 
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deformation and dynamics, we calculate the autocorrelation func-
tion of the asphericity, and thus indirectly of the stress, as shown in 
Supplementary Fig. 7, and find that its relaxation time τasph roughly 
coincides with that at which the super-diffusive behaviour termi-
nates. This result clearly connects the stress-releasing and stress-
building mechanism with the occurrence of ballistic motion; within 
τasph, deformed particles release stress (reducing their asphericity) 
and contribute, with all other particles, to triggering the motion of 
less stressed particles. Because this is a mechanism involving the 
whole system, it is difficult to completely isolate each contribu-
tion, but our findings strongly suggest that stress-governing events 
entirely control the onset of the ballistic motion and the associated 
compressed exponential relaxation. Thus, in analogy with colloidal 
gels, the underlying physical mechanism of the compressed/super-
diffusive dynamics is stress propagation, spontaneously obtained 
within our model through particle deformation.

To visualize how deformation and stress are distributed within 
the system, a snapshot of EPRs with U = 1,000 at the highest inves-
tigated ζ is reported in Fig. 3c, where each ring is represented by an 
ellipse based on the eigenvectors of its gyration tensor. It is evident 
that deformed particles tend to stay close to each other, generating 
strings of elongated ellipses that surround areas of less deformed/
less stressed particles. This is quantified by the radial distribution 
function ga(r) of rings with large asphericity (that is, a > 0.2), which 
displays a higher peak located at smaller distances with respect to 
the average g(r), as shown in the inset of Fig. 3d. The same snapshot 
is also shown in Fig. 3e, which highlights the fastest ballistic rings; 
remarkably, these are found in very large clusters. Furthermore,  
not only are their positions correlated, but also their displacements 
(Fig. 3f). A high degree of alignment in the direction of motion is 
clearly present, in full agreement with the observation of a negative 

oscillation in Fs(q*, t) (Fig. 2c). On the boundary of these clusters, 
slower rings that are either more deformed or are moving in a differ-
ent direction physically stop the ballistic motion of the fastest parti-
cles, which are then slowed down until recovering normal diffusion  
(Fig. 2b). This happens when particle deformations in the system 
are able to finally relax (Supplementary Fig. 7). The fact that the 
stress continuously propagates through the system is qualitatively 
illustrated in the stress maps reported in Supplementary Fig. 8 
for different times and can be better visualized in Supplementary 
Video 1. This phenomenology is completely missing in HZDs 
(Supplementary Fig. 9), where stress is absent and particle overlaps 
are spread out, so no persistent motion is observed.

The results derived so far show that particle deformations give 
rise to large dynamical heterogeneities that result in an intermit-
tent collective motion of portions of particles that move ballistically. 
We then address how deformation, and hence particle softness, 
influences the behaviour of τα as a function of ζ. With this aim we 
report a modified Angell’s plot14 of the relaxation time in Fig. 4,  
obtained as discussed in the Methods, both above and below ζR. 
Interestingly, we find that for ζ < ζR, τα is almost independent of 
softness (Fig. 4a), while for ζ > ζR a striking variation of the relax-
ation time with ζ is found (Fig. 4b). In this regime, a transition from 
fragile behaviour at large stiffness to (quasi)-strong behaviour for 
soft rings is observed, the latter being characterized by an almost 
Arrhenius dependence of τα on ζ/ζ*. Because this transition only 
occurs above melting, when particles are strongly compressed, a 
clear connection must exist between softness (in terms of the sin-
gle-particle elastic properties) and fragility, the latter here defined 
as τ ζ ζ= ∕ ∕ ∣α ζ ζ=m [d (ln ) d( )]* * in analogy with that of standard 
glassy systems. In our model, softness is intimately related to par-
ticle deformation. We thus test whether a connection between 
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deformation and fragility also exists. The average asphericity 〈a〉, 
normalized by its low-ζ value a0, is shown as a function of ζ in  
Fig. 4c. Clearly, for ζ < ζR, 〈a〉 changes very little, although it varies  
significantly for different U (inset of Fig. 4c). However, for ζ ζ≳ R,  
the variation of 〈a〉 becomes much larger for stiffer rings. The 
fragility is plotted against the variation of the average aspheric-
ity α ζ= ∕ ∣ ∕ζ ζ=a a(d d ) 0*  in Fig. 4d for ζ ζ≳ R. A linear relation 
between the two quantities is found for all investigated values of U, 
confirming that in our model a change of the single-particle internal 
elasticity affects the fragility of the system.

The microscopic origin of fragility in soft colloids has remained 
mostly elusive so far. Several experiments have reported evidence of 
a fragility variation9,11–13, and a simple theoretical model16 recently 
showed that the osmotic regulation of compressible particles can 
describe a fragile-to-strong transition when the nominal packing 
fraction ζ is used. In ref. 16 this was shown to derive from the strong 
nonlinear relationship between ζ and ϕ, which always gives rise to a 
fragile behaviour when the Angell’s plot is represented as a function 
of ϕ. Hence, the observed fragility variation was interpreted as being 
only an apparent one. However, such a model16 as well as subse-
quent simulations27 did not take into account particle deformation. 
Instead, in the present study the microscopic connection between 
deformation and fragility, highlighted in Fig. 4d, induces a variation 
in fragility at high densities, also when the modified Angell’s plot 
is shown as a function of ϕ, as reported in Supplementary Fig. 10.

It is worth noting that refs. 9,12,13 deal with interpenetrated  
network microgels where charge effects such as ion-induced 
deswelling may be relevant, a situation far more complex than what 
can be described by our simple model. However, our work sheds 
light on recent experiments17 for standard microgels and charged 
colloids, which reported no fragility variation on increasing ζ in the 
same region where we also do not detect it, that is, for ζ < ζR. We 
find that it is only for ζ > ζR, in a regime where the rings are clearly 
compressed and deformed, that this variation should be detected. It 
may therefore be necessary to probe highly dense conditions, where 
particles are in direct contact with each other, to observe this behav-
iour. For this regime an increase in the shape parameter β was also 
reported in ref. 17, in agreement with the present findings, but the 
occurrence of solid-like behaviour preempts the investigation of the 
system at even higher densities. In this respect, softness is truly a 
valuable parameter, because, in principle, highly dense states could 
be accessed in equilibrium for much softer systems. With this in 
mind, ultrasoft microgels—that is, microgels without or with very 
few crosslinkers29,30,45—as well as hollow microgels46, for which an 
empty core is surrounded by a fluffy polymeric corona, may be 
suitable candidates with which to verify the present results. Our 
EPR model was indeed inspired by these systems, offering a simple 
2D schematization of the particles, but still retaining the minimal 
ingredients to describe complex phenomena at high densities, such 
as particle deswelling and faceting. Its 3D investigation will thus be 
a natural extension of this work.
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Methods
Model and simulations. We model 2D soft particles as polymer rings interacting 
with the classical bead-spring model47 with an additional internal elasticity.  
Each ring is composed of Nm monomers of diameter σm. Two bonded monomers 
at distance r interact through the sum of a Weeks–Chandler–Andersen (WCA) 
potential
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where kF = 15 is the spring constant, RF = 1.5 is the maximum extension of the bond 
and ε is the unit of energy. Non-bonded monomers interact with VWCA(r) only. 
To modulate the internal elasticity of the ring we add a Hertzian potential acting 
between each monomer and the centre of mass of the ring, as

σ Θ σ= − ∕ − ∕∕V r U r r( ) (1 ) (1 ) (3)H H
5 2

H

where U is the Hertzian strength in units of energy ε and σH is the distance at rest 
of each monomer from the centre of mass of the ring when the polymer ring is 
perfectly circular. We also define the diameter of the circle inscribing the polymer 
ring as σring = σH + σm. Addition of the internal elasticity on the one hand avoids 
flattening of the rings on increasing the packing fraction and on the other hand 
provides a tunable softness to the ring. The smaller the Hertzian strength, the larger 
is the ability of the ring to deform (that is, higher softness), while with increasing U 
the ring behaviour will tend to that of a hard disk. Thus, crucially, the model takes 
into account particle deformation, which becomes more and more relevant at high 
densities (see Supplementary Information), with the inner Hertzian field playing 
the role of an effective many-body term.

In our study we investigate the static and dynamic properties of elastic rings 
for several values of U (100, 500, 1,000 and 3,000). We mainly show the results for 
N = 1,000 elastic rings with Nm = 10 monomers for which σH = 3.107σm. However, we 
note that we also tested the cases of Nm = 5 and Nm = 20, for which we found similar 
results. In addition we also examined a larger system composed of N = 10,000 rings 
and Nm = 10 for selected high packing fractions (Supplementary Fig. 11). Due to the 
high propensity of the system to crystallize we use a size polydispersity of 12% both 
for σm and for σH according to a log-normal distribution.

We perform Langevin dynamics simulations at constant temperature with 
kBT = 1. As the unit of length we use the average ring diameter 〈σring〉 at low 
dilution and as the unit of time σ ε= ∕t m0 ring ring , where mring = m × Nm (m is the 

monomer unit mass). A velocity Verlet integrator is used to integrate the equations 
of motion with a time step of dt = 10−3. We follow ref. 48 to model Brownian 
diffusion by defining the probability p that a particle undergoes a random  
collision every Y time steps for each particle. By tuning p it is possible to obtain 
the desired free particle diffusion coefficient D0 = (kBTYdt/m)(1/p − 1/2). We fix 
D0 = 0.008 but we also checked other values ranging from D0 = 0.0015 to D0 = 0.08, 
finding that there is no influence of the microscopic dynamics on the long-time 
behaviour (Supplementary Fig. 12). The packing fraction of the rings is defined  
as ζ πσ= ∑ ∕= L4i

N
i1 ,ring
2 2, where σπ ∕4i,ring

2  is the area of the ith ring at low dilution 
and L is the edge of the squared simulation box.

Ring deformation. To evaluate how polymer rings deform, we calculate 
the gyration tensor, from which we extract the radius of gyration 
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m , where rCM is the centre of mass of the ring. We also 

calculate the asphericity parameter as a = (λ2 − λ1)2/(λ1 + λ2)2 where λ1 and λ2 are the 
eigenvalues of the gyration tensor49. In addition, we estimate the effective packing 
fraction ϕ occupied by the rings by calculating the average area (AR) of rings from 
the gyration radius of each ring or from the area of the ellipse having as semi-axis 
the eigenvectors extracted from the gyration tensor. As both approaches yield 
similar results, we use the average of the two. Once the area is calculated, we define 

the effective packing fraction as ϕ ζ= ∕A AR R0
, where AR0

 is the average value of the 
area of a ring at low dilution.

Ring dynamics. We quantify the dynamics of the rings by evaluating 
the MSD = ∑ − ==r t t tr r( ) ( ( ) ( 0))

N i
N i i2 1

1 CM CM
2  (where 〈…〉 denotes 

an ensemble average) and the self-intermediate scattering function 

= ∑ =
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1
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CM CM . Both observables are calculated using 

the positions of the centres of mass of the rings. It is well established that the 
long-time decay of Fs(q*, t) can be described by a generalized exponential decay 
Fs(q*, t) ~ exp(−(t/τα)β) modulated by a shape parameter β. To extract the value of β 
and τα, we approximate the whole Fs(q*, t) as the sum of two exponentials:

τ τ= − ∕ + − − ∕ α
βF q t C t C t( *, ) exp( ) (1 )exp( ( ) ) (4)s 0

where the first one is a simple exponential that accounts for the short-time decay 
controlled by τ0 and the second provides a description of the long-time decay, 
with C a constant varying between 0 and 1. When the dynamics becomes very fast 
at high ζ, only the second exponential is retained in equation (4), being a single 
compressed exponential able to interpolate the whole curve.

Analysis of fast rings. At high ζ we divide the total simulation time into windows 
of duration Δt of the order of τα. In particular we fix Δt = 7.88 in reduced units 
and we select the 10% fastest particles in each window. We then calculate the MSD 
only for these particles, starting from the interval where they were selected. The 
dynamics of the fastest rings, quantified by their MSD averaged over all considered 
windows, is faster than that of all rings; that is, it can be described by a larger γ 
exponent of the superdiffusive behaviour in the MSD that is found to be close to 
1.9. However, at larger times, they always retain diffusive behaviour. It is important 
to note that, despite the large polydispersity of the system, the fastest particles are 
evenly distributed among all particle sizes. Analysing different time windows, we 
find that for the considered state point (U = 1,000 and ζ = 1.264) the super-diffusive 
exponent is exactly equal to 2, signalling purely ballistic dynamics, for about 25% 
of the considered time intervals. This ratio strongly depends on the chosen state 
point and on the number of considered fastest rings. Indeed, for each interval, we 
can always define a subset of fastest rings undergoing purely ballistic dynamics; 
their number increases with increasing ζ and increasing U, thus explaining the 
behaviour of the average value of γ, reported in Supplementary Fig. 4, and also of 
the shape parameter β, shown in Fig. 1d.

Modified Angell’s plot. In standard glass-formers an Angell’s plot reports the 
variation of the viscosity or relaxation time of the system in a logarithmic scale versus 
the control parameter driving the glass transition, for example the packing fraction in 
the case of colloidal suspensions, appropriately rescaled by its glass transition value14–16. 
In our system, we do not find a glass transition, but the system undergoes a reentrant 
melting. We thus use the value of ζR as the rescaling packing fraction and visualize the 
dependence on the relaxation time on ζ, approaching this value both from above and 
from below. However, rings with different softness U have different relaxation times 
at ζR, so it is more convenient to use a packing fraction ζ* that is slightly different but 
close to ζR and dependent on U, for which a common value of τα is found. This allows 
us to scale, altogether, the data for different values of U. In the main text we report 
results where we have chosen the common value τ ≃α 650 in reduced units, but we 
have verified that different choices provide qualitatively similar results.

Data availability
The data sets generated and/or analysed during the current study are available from 
the authors upon reasonable request.

code availability
The computer code is available from the authors upon reasonable request.
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